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Abstract—This paper presents a two-degree-of-freedom direct drive induction motor (2DOFDDIM) with a solid rotor coated with a copper layer. A composite multilayer method (CMM) is developed to design and analyze the induction motor quickly and accurately, based on the traditional multilayer theory importing propagation constants. A complete 2DOFDDIM CMM computer program diagram is firstly provided. An equivalent circuit is then derived and the two-dimensional magnetic field distribution is obtained by solving Maxwell Equations in motor layers. The developed torque, power factor and stator current of the 2DOFDDIM are calculated by finite element methods (FEMs). Numerical and analytical results are compared with experimental results on a 1.1 kW prototype. The computation time of the CMM is far less than the FEM. The acceptable accuracy confirms the superiority of the CMM over other techniques in industrial design, which is preferable for the analysis and performance calculations of the 2DOFDDIM.

Index Terms—Composite multilayer method, double-layer solid rotor, equivalent circuit, finite element method, performance, two-degree-of-freedom. 
I.	Introduction
E
lectric motors are a major component in industry to save energy and reduce the utility bill [1]. Two-degree-of-freedom (2DOF) motors or actuators, as one of them, have high mechanical integration and reliability, which can eliminate mechanical transmission in the middle of the driver. They can produce rotary, linear and helical motion by themselves and are widely utilized in industrial machinery such as boring machines and grinders [2]. A few different topologies of 2DOF motors have been proposed and investigated [2]-[7]. For example, a 2DOF outer rotor spherical actuator [6] and a novel magnetization pattern [7] is presented for 2DOF rotary-linear actuators. In this paper, a two-degree-of-freedom direct drive induction motor (2DOFDDIM) with an integrated structure is proposed, as shown in Fig. 1.


Fig. 1. Prototype of 2-DOFDDIM. (a) Rotary motion arc-shape stator. (b) Linear motion arc-shape stator. (c) Integrated stator of 2DOFDDIM. (d) Assembly of 2DOFDDIM [8]-[9].

This stator consists of two arc-shape iron cores, namely a rotary and a linear armature. The former is slotted along the axial direction whereas the later is slotted in the circumferential direction. They have the same electromagnetic parameters and are assembled orthogonally to form a stator. A common solid rotor coated with a thin copper layer is applied. When the rotary stator is energized, a rotating magnetic field will be generated. According to the electromagnetic induction principal, the voltage and current will be induced on the rotor surface to produce an electromagnetic torque. In the similar way, a traveling wave magnetic field will be generated to create a force when the linear stator is powered. If either the rotary or the linear stators is energized, the motor produces a linear mechanical motion (single degree). When both of them are energized, the motor produces a helical motion, namely a two-degree mechanical motion. The main design parameters are listed in Table I.
TABLE I 
Main Design Parameters of the 2DOFDDIM
Item	Value/Dimension
	Rotary Part	Linear Part
Rated power (PN)	1.1 kW	1.1 kW
Rated voltage (UN)	220 V (Y)	220 V (Y)
Frequency (f)	50 Hz	5 Hz
Pole pairs (p)	2	2
Stator inner diameter	98 mm	98 mm
Stator outer diameter	155 mm	155 mm
Stator axial length	135 mm	156 mm
Air-gap length	1 mm	1 mm
Slot number	12	12

With regard to the structure of the double-layer solid rotor motor, the rotor material along radial direction is different. Therefore, the electromagnetic field and equivalent circuit parameters cannot be determined accurately by using the equivalent magnetic circuit method or equivalent magnetic impedance method alone. Both the methods cannot take account of the radial nonlinear magnetic permeability in the solid steel. Hence, finite element methods (FEMs) are generally used [6], [10], [11]. However, a lengthy computation time is required for numerical methods. Therefore a multilayer theory is developed to analyze the solid unslotted rotor induction machines [12]. A multilayer model based on the 2D polar coordinates is established [13] while a semi-analytical 3-D model based on the Fourier analysis is developed in [14]. The latter is able to calculate the fringing fields in a 3-D slotted cylindrical structure by summing up the linear material properties. The computational time is reduced with an acceptable accuracy. Furthermore, a complex propagation constant can be imported to calculate the rotor parameters [15]-[16] whereas the nonlinearity of rotor steel is not considered.
This paper investigates a 2DOFDDIM by applying an improved composite multilayer method (CMM) which combines the traditional multilayer theory with a propagation constant method. The complete CMM program diagram and parameter determination are provided. The distribution of electromagnetic fields is focused for detailed analysis. The characteristics obtained from the FPM are compared with experimental results of the 2DOFDDIM.
II.	Analysis and computation
A.	Multilayer Model of 2DOFDDIM
In order to derive the CMM model of the 2DOFDDIM, the following assumptions are used:
i) All regions are extended infinitely in circumferential direction and stretch to infinity in axial direction;
ii) There is no displacement current and magnetic saturation is neglected.
iii) The curvature of rotor is neglected and the rotor material is isotropic.
iv) The stator windings current is represented by a current sheet at the airgap-stator interface, which is unlimited long along circumferential direction and unlimited thin along radial direction. 
v) The stator slotting effect is included by introducing Carter’s coefficient .
vi) The end effect caused by tangential current in the solid rotor is considered by solid rotor end effect coefficient , which is relevant to stator parameters. For 2DOFDDIM, .
The CMM model of 2DOFDDIM is established based on traditional multilayer model, in which the rotor is divided into a number of laminar regions, as shown in Fig.2. Where the first layer is a halfspace, the numbers 1~N-2 are layers of solid steel, the layer N and N-1 correspond to copper layer and air-gap respectively. The greater the number of secondary layers, the higher the precision will be, but computation time is higher. The parameters, , , are conductivity, angular frequency of each layer， of a layer is considered as that corresponding to the permeability of the external surface (i=1,2,…,N-2). The x-axis is circumferential direction, the y-axis is the radial direction and the z-axis is axial direction.


Fig. 2. Multilayer model of the 2DOFDDIM. 

The infinitely thin current sheet  is sinusoidal and moves with synchronous speed along x-axis. 
               (1)
where  is the magnitude of stator current density, as shown in (2), , is pole pitch,  is power angular frequency.
            (2)
where  is the series number of armature winding per phase,  is the stator phase current, is the inner diameter of stator. 
According to the previous assumptions, it can be supposed as follows:
             (3)
The equation for the electromagnetic field in a layer can be derived from two of the four Maxwell equations (4) :
             (4)
and the constitutive relation (5):
                (5)
Bearing in mind the boundary conditions (6) of each layer, the transfer matrix of electromagnetic field, as shown in (7), is conducted by combining (4) and (5) [12].
       (6)
where  represents the junction of layer  and ,  is layer thickness， and  are tangential magnetic field intensity and radial magnetic flux density of the external surface (i.e. nearer to the air gap) of layer  and the rest likewise.
    (7)
where,, the overall boundary condition is listed as (8).
                 (8)
It should be noted that the computational method of the outermost layer (copper layer) is different from the traditional multilayer theory. Moreover, the difficulty in determining parameters involved in the multilayer theory will be overcome in the following sections.
B.	Algorithm of the CMM
The parameters of magnetic field and the machine’s equivalent circuit are determined by a CMM iteration program which takes the nonlinear permeability of the steel layer and particularity of the copper layer into consideration. A complete 2DOFDDIM CMM computational program diagram is provided, as shown in Fig. 3, and explained as follows. 


Fig. 3. A complete 2DOFDDIM CMM computational program diagram. 

In the first cycle, an arbitrary value is assigned to the stator current  to ensure the program run to proceed and the same to . It can be founded that the value of  increases inversely with the slip rate. Moreover, in order to fulfill (8) and further improve the calculation accuracy,  is better to remain below 50 when the slip rate is 1. It can be achieved by modifying the thickness of each layer for repetitive iterations. According to the transfer matrix (7) and boundary condition (8), the magnetic field components  ,  (i=1~N) are then determined. Thus the resultantis derived. It should be noted here that a loop is created to take the nonlinear B-H characteristic of the lamination material into account. In order to realize it in the iterative program, the B-H curve is represented by a parabola of higher order, i.e.,
                 (9)
For the rotor steel used in 2DOFDDIM, , . Applying  into (9), the new permeability  is derived.  is then used for the second cycle. Another loop should be used to ensure  of the boundary condition (8). Once the execution is out of the loops, the values of  and  obtained in the previous program will be used to calculate the steel impedance  looking from the stator, as shown in (10).
         (10)
where  is the diameter of the rotor,  is the effective length of the iron core, , s is the slip rate. and  are the radial magnetic flux density and tangential magnetic field intensity of the steel surface. 
After many attempts, it was found that there exists slow convergence even no convergence in the procedure of convergence only applying multilayer theory to analyze copper layer on account of the particularity of 2DOFDDIM. To circumvent this difficulty, the propagation constant  is imported to calculate the equivalent circuit parameters of copper layer [15], as shown in (11)-(12).
         (11)
             (12)
where  is the thickness of copper layer,  is the angular frequency of the copper layer,  is the copper permeability. The coefficient  takes into account the complex propagation of the magnetic field, , the real constant . Thus the rotor impedance is given by
               (13)
Having found , it is easier to calculate the stator voltage . Together with the known parameters of 2DOFDDIM, the new  and  can be derived for the next cycle. Once the iterative precision is satisfied, the iteration stops. After numerous loop iterations, accurate results of , , ,  are then derived. Therefore, the magnetic field distribution in the rotor can be obtained. Moreover, the equivalent circuit parameters and performance of 2DOFDDIM will follow. 
C.	Equivalent circuit
The per-phase equivalent circuit of the 2DOFDDIM is illustrated in Fig. 4. , , and ,  are the resistance and reactance of primary winding and excitation, ,  and ,  are the equivalent resistance and reactance of the copper layer and the steel layer, respectively.  and  are the rotor equivalent resistance and reactance, which are slip-dependent parameters.

Fig. 4. Equivalent circuit. 

The equivalent circuit parameters are listed in Table II. Therefore, the torque, power factor and stator current can be derived accordingly.

TABLE II
Equivalent circuit paramenters (slip rate =1)
Item	Value (Ω)	 Item	Value (Ω)
R1	4.27	X1	2.25
Rm	0	Xm	10
Rcu	2.88	Xcu	0.62
Rsteel	15.49	Xsteel	13.47
R2	2.51	X2	0.70
D.	Computation
Base on the previous analysis, the electromagnetic field parameters ,  along radial variation of rotor material can be obtained, as shown in Fig. 5. Where  and  are indicated by the ratio values , respectively. represents the radial distance to the external surface of steel. 


(a)


(b)
Fig. 5. Distribution of electromagnetic field of 2DOFDDIM. (a) The tangential magnetic field intensity. (b) The radial magnetic flux density.

It can be seen that  and  decrease along the rotor radial direction and the attenuation increase when the slip goes up taking account of the aggravation of skin effect.
III.	Simulation and Experimental Results
Because of the equivalence between rotary and linear motion parts of the 2DOFDDIM [17], only the former is illustrated in the following sections. A 2D finite element model of the rotary part is established, as shown in Fig. 6(a). Its flux distribution is shown in Fig. 6(b) for the slip of 0.8. 


(a)

(b)
Fig. 6. 2D finite element model of the rotary part of the 2DOFDDIM. (a) 2D finite mesh model. (b) Distribution of flux density.

From Fig. 6, the flux density indeed attenuates gradually as the growing distance from the external surface of steel. This trend coincides with the results of CMM. 
The steady-state characteristics of the 2DOFDDIM, in terms of torque, power factor and stator current versus slip rate, are calculated using CMM and FEM and presented in Figs. 7-9 and Tables III and IV.


Fig. 7. Torque vs. slip.


Fig. 8. Power factor vs. slip.


Fig. 9. Stator current vs. slip.

TABLE III
Torque and Power factor vs. slip 
Slip rate	Torque	Power factor
	FEM	CMM	Error	FEM	CMM	Error
0.2	6.96	8.86	0.27	0.75	0.72	0.04
0.3	11.67	14.52	0.24	0.79	0.80	0.01
0.4	15.26	19.83	0.30	0.82	0.84	0.02
0.5	18.11	22.76	0.26	0.84	0.86	0.02
0.6	20.41	23.89	0.17	0.85	0.87	0.02
0.7	22.27	24.51	0.10	0.86	0.88	0.02
0.8	23.81	24.78	0.04	0.876	0.885	0.01
0.9	25.10	24.82	0.01	0.885	0.884	0.001
1	26.09	24.69	0.05	0.894	0.882	0.01

TABLE IV
Stator current vs. slip
Slip rate	Stator current
	FEM	CMM	Error
0.2	17.59	13.64	0.22
0.3	17.79	13.93	0.22
0.4	18.1	14.46	0.2
0.5	18.49	15.05	0.19
0.6	18.92	15.63	0.17
0.7	19.37	16.2	0.16
0.8	19.82	16.73	0.16
0.9	20.25	17.22	0.15
1	20.68	17.67	0.15

It can be seen from Fig. 7 and Table III that the relative error of torque, comparing with CMM and FEM, is between 0.17 and 0.30 when the slip is less than 0.6, whereas at other slips, the relative error is less than 0.1. This is because that the longitudinal end effect is considered in the FEM but not in the CMM. The higher the rotor speed, the more significant the longitudinal end effect to reduce the torque. Therefore, the error between CMM and FEM becomes greater. Fig. 8 and Table III shows that the relative error in the power factor is below 0.04, which meets the requirement of accuracy. From Fig. 9 and Table IV, the maximum error in the stator current is 0.22 but the rate of change of current obtained by CMM and FEM is approximately equal. On the one hand, it is caused by neglecting the variation of the stator reactance versus slip rate and the harmonic components in CMM. On the other hand, there are some correcting coefficients determined by experience in CMM, which is not always accurate. Moreover, the magnetic field along the axial direction is not referred. Thus the error is inevitable. However, It is worth mentioning that the computational time of the CMM (less than one second) is far less than that of the FEM. The CMM is simpler than FEM, which can be achieved only by a simple program. So the CMM can be used to design and analyze 2DOFDDIM in a simple and quickly way, which approximately meets the requirement of accuracy.
Fig. 10 shows the prototype testing platform system. It consists of:
i) A drive source for 2DOFDDIM.
ii) Frequency converters: YASKAWA V1000. There are two independent frequency converters, in which the input is 380 Vac and the output is two series of 3-phase PWM waves. They are used to supply the rotary and linear stator windings, respectively.
iii) A controller: TRIO MC403 motion controller. It is used to control the rotary, linear and helical motions of the 2DOFDDIM.
iv) A position sensor: SIKO MSK5000-0241. The axial position and speed of linear motion is detected by grating encoding.
v) AN OMRON limit switch. The switch is used to control the distance of linear motion and provide the switching signal in forward and reverse direction. 
vi) A SZKT rotary encoder. The rotary encoder is used to detect the rotary speed and the direction of the 2DOFDDIM and provide corresponding feedback signals.
vii) An oscilloscope: YOKOGAWA DL7480.
viii) An operation interface: Motion Perfect v3.2.
The experiment is carried out under the condition of constant voltage frequency ratio (slip=0.115). The rotary part is fed by a 50-Hz 220-V supply but the linear part is not powered. The stator current is manifested both on the rotary frequency converter and oscilloscope. Fig. 11 shows the waveforms from the oscilloscope when frequency is 20 Hz, the amplitude of stator current is 117.8 mv. Because the ratio of current transformer used here is 100/1, so the actual value of stator current is (117.8/1000)*100=11.7A. Then the RMS current is 8.33A. Similarly, the stator currents (RMS) at different frequencies can be obtained. However, due to the limitations of experimental conditions, only stator currents (RMS) for the frequency of 15 Hz, 20 Hz and 25Hz are derived, which is compared with these of the CMM, as shown in Fig. 12. 


Fig. 10. The prototype testing platform system of the 2DOFDDIM.


Fig. 11. The prototype testing results.


Fig. 12. Stator current (constant V/F control, slip =0.114).

It can be seen that the CMM results have agreed very well with experimental test results. Therefore, the CMM is proven to be effective and to meet the accuracy requirements. 
IV.	Conlusion
An improved electromagnetic analytical method named CMM has been applied to the analysis and performance calculation of the 2DOFDDIM. A complete computer program diagram was developed, which has solved the problem of parameter determination involved in multilayer theory. The propagation constant has been imported when dealt with the copper layer. The rotor electromagnetic field distribution was derived by using the CMM to account for the skin effect. The equivalent circuit has been obtained by calculating the wave impedance. Torque, power factor and stator current calculations are carried out using the CMM and FEM for comparison. The stator currents are also measured experimentally to verify the CMM. Compared with the FEM, the proposed CMM is simpler and quicker for the analysis and performance calculations of the 2DOFDDIM. 
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